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ABSTRACT

A model is presented for studying ocean circulation problems taking into account
the complicated outline and bottom topography of the World Ocean. To obtain an
efficient scheme for the study of low-frequency, large-scale current systems, surface
gravity-inertial waves are filtered out by the “rigid-lid” approximation. To resolve special
features of the ocean circulation, such as the Equatorial Undercurrent, the numericat
model allows for a variable spacing in either the zonal or meridional direction. The model
is designed to be as consistent as possible with the continuous eguations with respect o
energy. it is demonstrated that no fictitious energy generation or decay is associated
with the nonlinear terms in the finite difference form of the momentum equations.
The energy generation by buoyancy forces for the numerical model is alsc designed in
such a way that no energy *‘leak” occurs in the transformation from potential io kinstic
energy.

I. INTRODUCTION

Starting with the pioneering work of Ekman and gaining increasing momenium
in the last two decades, considerable progress has been made in explaining scme
of the major features of the ocean circulation. An important gap has existed,
however, between operational and theoretical studies. The fundamental problems
in the dynamics of ocean currents which engaged the attention of theoretical
oceanographers has often seemed quite remote from the task of interprefing the
data on temperature, salinity and other water mass properties brought back from
oceanographic expeditions. Recent progress holds out some hope that this situation
is changing. On the one hand, new techniques for making direct current measure-
ments are producing a much more complete description of ocean currents, and of
ocean turbulence on a smaller scale. On the other hand, more attention is being
focused on those branches of hydrodynamics most closely related to ocean circula-
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tion studies. Renewed interest in carrying out laboratory experiments with rotating
fluids has brought an appreciation of the importance of the basic work carried out
by earlier investigators,

An impediment to progress in the theory of ocean circulation has been the mathe-
matical difficulties of solving the equations of even very simplified ocean circulation
models. This is caused by the complicated geometry of ocean basins, and more
importantly by the nonlinear nature of the equations. The availability of large-scale
computers in recent years has now made it possible to carry out “pumerical
experiments” using a direct computational approach in obtaining solutions to
problems too complex to handle by any analytical method. The first ocean circula-
tion research carried out along these lines was done in a series of studies by
Sarkisyan (1955, 1962) in the Soviet Union.

The present paper describes in detail a computational procedure to be used in
ocean circulation studies. While it has certain features in common to that used in
two earlier studies of a baroclinic ocean (Bryan and Cox. 1967, 1968), the present
method introduces many simplifications, and is also generalized to handle an
ocean basin with irregular coastlines and bottom topography. The principal differ-
ence in the present computational procedure and the method recently proposed by
Crowley (1968) involve the treatment of nonlinear terms, and the boundary condi-
tion of the vertical velocity at the ocean surface. The noniinear terms in the present
model are formulated on the basis of centered differencing using the same general
method given by Fromm (1963) and Arakawa (1966). Crowiey uses a forward
difference with respect to time and a “‘time splitting” procedure for evaluating the
nonlinear advection similar to that proposed by Marchuk (1964). The present
procedure has the advantage compared to the Marchuk method of exactly
conserving certain energetic properties of the flow in the inviscid case. It has the
drawback, however, of requiring the retention of two time-levels of the variables
in the machine memory. A demonstration of the energetic properties of the method
is given in the Appendix.

Crowley (1968) allows vertical displacements of the ocean surface, while these
displacements are not allowed in the present scheme. This constraint is called the
“rigid-1id” approximation. The effect is to include pressure variations at the upper
surface, but to exclude the kinematic effects of surface variations. External inertial-
gravitational waves are filtered out with no distortion of the steady-state ocean
circulation and very little distortion of low-frequency motions. Since external
gravity waves move rapidly compared to other types of disturbances in the ocean,
removing these high speed waves allows an order of magnitude increase in the
time step. This enormous economy in calculation justifies the increased complexity
in the numerical scheme required by the “rigid-lid”’ approximation.
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11. EQUATIONS OF THE MODEL

General Forins of the Equations

In formulating the equations of the model the Navier-Stokes equations have
been modified in three important respects. First, density differences are neglected
except in the buoyancy term, i.e. the Boussinesq approximation. Second, the locai
acceleration and other terms of the same order have been neglected in the equation
of motion for the w-component, reducing it to the hydrostatic approximation.
The hydrostatic approximation may be shown to be highly accurate as long as the
aspect ratic of bottom topography is much less than unity. Third, only the large-
scale motion is treated explicitly, and the stresses exerted by smaller-scale motions
are taken into account by a “turbulent viscosity” hypothesis. Ordinary viscosity
and conductivity are very much smaller effects and are consequently neglected.

let
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where a is the radius of the earth, ¢ is latitude, and A is longitude. Tt will be conve-
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where p is some scalar quantity. The equations of motion may then be writiena as,
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and the continuity equation is

w4 2y 4 (/)] = 0 (2.6)
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There are two conservation equations,
T+ Z£T =0 2.7
S;+ZS=o (2.8)

The effect of compression on the temperature is not included. This effect is relatively
small, and does not significantly alter the computation of density gradients in the
horizontal plane, which determine the velocity field. The equation of state is based
on an equation of the form

p = KT,S, p) (2.9)

A convenient algebraic expression for (2.9) is given by Eckart (1958). The effect of
pressure in (2.9) may be taken into account with a high degree of accuracy by
substituting —pygz for p. The terms F?, F®, 0 and o present the effects of turbulent
viscosity and diffusion. Let

Ap = mPuy, + mlpg/m), (2.10)
Then
FA= Au,. + éﬁ{{ﬁu + (1 — mu®¥u — 2nmlv,) (2.1}
Fo= Ap,, + —{Av + (1 — m®®)v + 2nmPu,)} (2.12)
0= fé" T, + A”AT 2.13)
A A
o =428, + 2845 (2.14)

The formulation of the F° and F* in the nonisotropic case, where mixing in the
vertical differs from that in the horizontal, has been worked out by Saint-Guilly
(1956). The formulation of mixing of momentum given by Bryan and Cox
(1967) is incorrect, although the error is only significant in polar latitudes.

In nature vertical mixing has a complex dependence on the density stratification,
which is still very poorly understood. In the present model the effects of stratifica-
tion are taken into account in a very simple manner which avoids specification of
extra parameters. In the model vertical mixing is uniform for all stable cases, and
infinite in the unstable case. Let p” be the density which a parcel of water would
have if the in situ pressure is reduced to surface pressure. The delta in (2.13) and
(2.14) is then given by

1 (. <0

=0 (>0

(2.15)
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Boundary conditions on velocity, temperature and salinity at the lateral walls are,
0, 1,8, =0 2}6

where { ), indicates a local derivative with respect to the coordinate normaj to the
wall. At the upper boundary,

)
Iz =0 (2.17;
PﬂAv(uz B "“‘z\t’ = 7 7

where 7% and 1® are the zonal and meridional components of the surface stress,
respectively. p; is the density of sea water at surface pressure and standard tempera-
ture and salinity.

in the case of temperature and salinity two boundary conditions are possibie.
Either the flux of heat and salinity may be specified, or the temperature and salinity
fields themselves may be specified at the surface.

Setting w = 0 at the surface is called the “‘rigid-lid” approximation. The
kinematic effects of small displacements of the upper surface are not taken inic
account. As outlined in the introduction this feature permits a much more efficient
calculation, since it filters out the very high-speed surface gravitational-ineriial
waves.

At the lower boundary the very small effects of geothermal heat flow are neglecred.,

(r,,S) =0, z=-H {2.18)
w(—H) = u(— aH) mH, — J:_H) H, 2.19)

and
pod ;. v) = 75, T5° (2.2

The particular law used to calculate the botiom stress is not specified here. Several
possibilities present themselves, of which Ekman theory is the simplest. Geosirophic
drag laws, which have been developed by Gill {(1968) and others mighs also have
advantages.

Elimination of Pressure

The formulation of the finite difference equations reguires the elimination of
pressure. Integrating the continuity equation with respect to z.

a0 B ~{ e
w@) — w(—H) = — ’—;1 [(' gHu dz)) -+ (j __p—;n—d'z) }
4 (——H) mH, - %(w";» H, (2.21)
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At the surface the rigid lid requires that
w(0) = 0 (2.22)

Combining (2.19), (2.21) and (2.22) it is possible to define a stream function such
that,

0
mi, = af pob dz
H

(2.23)
"0
sbw = —d J pott dz
—H
Making use of the hydrostatic relation
~0
P& =p.+eg| pdz (2.24)

where p, is the surface pressure.

To obtain a prediction equation for the transport stream function (2.3) and (2.4)
are both integrated with respect to z, and multiplied by ap,/mH and aps/H
respectively,

FU
—(o/Hm)e = —(ps + 29nu/H + — (2.25)
m(/H)y = —(ps)y + 28nf./H + FV (2.26)
where
_ —apy (° , ; gm [° A 1
FU = 7 —-(41 [fu — mnuvfa — F* + —;Z;;Jz py dz ] dz 2.27)
and

FV = —_—;_Z%’— fiH [Ev + mmtja — F* 4 —(i—o— fj Po dz’] dz

The surface pressure may be eliminated by cross-differentiating (2.25) and (2.26).
The result is

(i H)at -+ (ol Hiit)gr = (FV )y — (FUIm), — $(22n/H), + $,(280n[H), (2.28)

Let the vertical average over the whole water column be indicated by an overbar,

()= —;7 f iH( ) dz (2.29)
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and the deviation from a vertical average by (). Thus the velocity components
may be expressed as,

The &, F components may be predicted {from (2.23) and (2.28). To predict 4. € we
make use of {2.3) and (2.4) with the right hand side of (2.24) substituted for the
pressure term. The surface pressure, p, , is temporarily set to zero.

o
. — 1 N sy g
u, -+ Lu — 20n0 — mnuvja = g (! { o ad, -+ £ {2.34
pod Y A
ro ""O ,-O 1 ~
g 4+ Yo+ 200y 4 mnuula = P g‘} p a:) + Fe (2.35
Pa H o

u” and v’ differ from u and v due to the neglect of that part of the pressure gradient
force which depends on the surface pressure. To determine 4 and £ we set.

(@.0) =@ —u.v" — ) {z.2%

In the determination of # and ¢ the error due to the neglect of surface pressure in
#" and v’ is of no consequence, since that error is independent of z and is therefore
eliminated by subtracting out &’ and ¢'.

HI. BouNpARY CONDITIONS ON THE TRANSPORT STREAM FUNCTICN

in the simple case of a closed basin with no islands the boundary cendition on
(2.2%} is simply that;

i = 0 (side boundaries) {31}

The World Ocean with its many islands is a multipli-connected region. At the shores
of each island the boundary condition is

fo=u, r=1,23,...R (2.0

where r is the index of the islands. Tn general 1 is a function of time. The method
for computing u, is based on that used by Kamenkovitch (1962} in a study of the
Antarctic circumpolar current.

Let v be the horizontal velocity vector, and

) = —N(plpy) + G

[
Lys]
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V is the horizontal grad operator and G is another horizontal vector representing
the remaining terms in the equations of motion. The integrated form of (3.3),
corresponding to (2.25) and (2.26) is

k X Vi, = — J"iH(Vp/po —G)d (3.4)

k is a unit vector normal to the horizontal plane. Dividing (3.4) by H, and taking
the curl of (3.4) we obtain,

V x (K/H X Vi) = —F x % | iH (Vplps — G) dz 3.5)

Consider the closed basin with islands shown in Fig. 1. Let the transport siream
function be represented by

R
r=1

L
/ /// ;l/ '
s 2 174
‘ / iy
/, /7 '
. / 4
// / //% ////
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/7 /
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/'/'//’/,w T // g / o I 7 /
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FiG. 1. A closed ocean basin with two islands.

In (3.6) only ¢, and g, are functions of time. The ¢, fields satisfy the equation,
VX (®&HXV)=0 3.7
with the boundary condition that
g, =1 (perimeter of island r)

(3.8)
» =0  (all other islands)
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WMaking use of the expression (3.6), the centered difference form of the local time
derivative of the transport stream function is

R

. 41
b= [T X i, — 240 (23)

=1

where the superscript / denotes the time level.
To calculate iy, at each time level we make use of (3.5}, (3.7} and {(3.9),
i [U . O e
=] plp— ez

iy

Vo (WH X V) = ¥ % (K[H X V) — 241 [T i

ki

{3.10;

with the boundary condition that
Y =0 (all boundaries) 21h
To determine g {r = 1, 2, 3,.... R) we make use of a line integral of (3.4} along a

path around each island. Let s represent a unit vector in the direction of the path
of the line integral.

- R
- R vi i+1
pslmx v T}; ulg,| ds
. : €kH (1 71 24z o Sip/ d Poe ram
— ,_35 sRIH X V0 — 1) — == | [V(plp) — GldzydS (312}
R equations of the form of (3.12) for the paths around each island form a serizs of
linear equations to determine pl™, r = 1, 2, 3 -+ R. Note that the surface pressure
can be eliminated from the right-hand side of (3.12). For a closed path

é;s[—;TJiHVpsdz] as =0 73.13)

where p, is the surface pressure. Therefore, making use of {2.24)

=0

§s]- [‘iH Vpd|as = §s-£-[[" (v fﬂ pd)d)ds (314

IV. GENERAL METHOD OF FINITE DIFFERENCING

Iu constructing the finite differencing scheme we wish to insure that certain inte-
gral constraints will be maintained. In particular, it is desirable to construct the
finite difference equations so that momentum, energy and the variance of temper-
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ature and salinity will be conserved in the absence of dissipative effects. The advan-
tage of this approach was first pointed out by Arakawa (1966). Arakawa showed
that, if integral constraints on energy are maintained, the computation will be free
of the troublesome “nonlinear” instability originally pointed out by Phillips (1959).
A consistent formulation of the energetic properties is also extremely important in
carrying out long-term numerical integrations for an oceanographic model. Such a
formulation will avoid systematic errors which will accumulate with time.

To give an example, let us consider the following equations for a scalar field ¢,

g+ V-vg=0 “.1)
Vey=0 “.2)

where v is a velocity vector. Let n be the normal vector to the outer boundary of
the total volume. The condition that the normal component of velocity vanish
along the entire exterior boundary is given as

n-v=20 4.3)

Let the total volume under consideration be divided into % subvolumes or cells.
The volume of each cell will be denoted as o, . The average of g over each cell will
be denoted as Q, . Integrating (4.1) over each cell

d
= Oy = —S{qu-nds (4.4)

In this case n is a unit vector normal to the cell boundary. Qur finite difference
formulation will be based on (4.4) rather than the original differential equation
4.1).

Let each cell be bounded by B neighboring cells designated by the index 5. In a
regular rectangular array the total number of surrounding cells would be 6, but it
could be more or less depending on the geometry. Let 4, be the area of each inter-
face and ¥, the normal velocity. Then (4.4) may be approximated by,

d B
oy 7 0,=— z VA, (4.5
b=1

where g, is the value of g on the interface 5. The corresponding continuity equation
for the cell is

VbAb = O (4.6)
b=1

This approach in formulating finite difference equations is similar to that discussed
by Noh (1965).
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The integral properties of a finite difference are particularly important in making
a numerical integration with respect to time over a long pericd. Let

N

(47

11 = Z Qndn el
n=1
N

P S G

L=73 02, (4.8}
7=1

where N is the total number of cells in the entire volume. 7 is the finite difference
expression for the volume integral of g. and I, the volume integral of g2 Summing
(4.5) over all cells, we obtain

dl, S

__:__ZYCIV‘}’A (J}L;i
dt 1=1 ?::1 ’ *

di, g
a’d = —2 Z Z 40, V34 {4.10)
4 n=1 b=1

1t can be seen that di;/dt = 0, since the various terms on the right hand side occur
as pairs along all interior interfaces. The contribution on adjacent interfaces are
equal and of opposite sign, cancelling each other when a sum is taken over the
entire volume. Repeating the arguments given in (Bryan, 1966) we see that in general
the left-hand side of (4.10) does not vanish. It can be made to vanish. however, if
we use an appropriate interpolation formula for the interface value of ¢; .

g = (@, + 03)/2 “.10
Here @, is the average value of ¢ in the cell adjacent to the interface. Substituting

(4.11) in (4.10)

dlf, N B B
==Y [0 Y vdy + ¥ 00,754,
b=1 b=1

n=1

o
[N
&

Applying the continuity relation (4.6) we see that the first term on the right is zero.
The second term on the right is made up of pairs of equal and opposite terms on
interfaces. 1t vanishes due to the same cancelling effect that was discussed in
connection with (4.9).

This simple example will indicate the motivation for the approach in desigring
the finite difference equations in the next section. The present method is a generali-
zation of the ideas of Arakawa (1966) which allows the arrangement of cells to be
chosen in any manner that is convenient for the problem at hand.
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V. ARRANGEMENT OF VARIABLES

Cells with the index i’, j” and &’ are placed so that they are centered on points
given by the coordinates A+, ¢, 2, where,

Ar =) 4; (5.1)
=1
-
@ — @y = ). 4, (5.2)
j=1
154
I = ‘_Z 4, (5.3
k=1

The two horizontal components of velocity are averaged over cells centered on
grid points given by integer indices, while temperature, salinity and the stream
function are centered on grid points, specified by / + 1, /' + % and &’ In this case

/\i'+1/2 = Ai' + %Ai'+1 (5-4)
Pirvae = @7 — 3y (5-5)

The arrangement of the variables in the horizontal plane is shown in Fig. 2. The

u,v u,v
* g
I i
: i
TS¥ | TSy | TS¥
H I
H I
I I
u,v Ta,v luv u,v
BRI S —_————fe—e e ?————-—J ————— 1}
) I
| i
TS¥ | TSy | TS
T T
1 [
i 1
1 I
u,v v v uv
.-_.—.——,u.__.._.?__—_—.__.___, __________ °
I
1 i
] |
T5¥ | TS¥ | T.5.v
1 1
I I
] 1
1 I
‘H,V ‘Ll,V

FiG. 2. The arrangement of variables in the horizontal plane for a grid with equal spacing
in both directions.
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pattern is similar to that used by Leith (1965). The motivation for choosing this
arrangement is to obtain as close meshing of the variables as possible, ver stili
define both velocity components at the same time level and at the same point. The
advantage of defining 1 and v at the same point will be discuszed in the next section,

The vertical velocity must be calculated separately for the velocity poinis and for
the salinity and temperature points. The vertical velocity points are located 2: the
top and bottom interface of the cells and have the index &’ + , where

. =z — 14,
Zy'4tie T Zn L7

The arrangement of the variables is summarized in Table 1.

TABLE I

THE PATTERN OF VARIABLES®

H 7 %
U, v 1 ! i
s H : i
Wiy 1 1 i1
Wr.s 3 3 %

¢ An entry of 1 or 1/2 indicates whether a variable is located at an integer of half valus of
the index.

VI. FiNITE DIFFERENCE EQUATIONS

Using the “box method” we first write down the finite difference formuiation of
the momentum equation for the »' component given by (2.31). The dimensicns of
the cell are shown in Fig. 3a. The volume of the cell is given as,

oy = @455 08 0080 (GRY)
where
Aian =4+ 4, 332
Aivw=1(4; V4,2
Bpgge = Ay = 4,2
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Fic. 3. a) The finite difference cell centered on the points at which the horizontal velocity
is calculated. b) The finite difference cell centered on the temperature and salinity points.
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The fintte difference equation is,

o[t — w12 dr — Qn('t + v )]

= C — gg_AIH—I,"_’ As‘ﬂ/z[Ak(Piﬂ/z — Picdi=1 T Z (Piin — Piciades 240
Pe q=2 (6.2}
where ¢ is a dummy index for k. In (6.2) all indices are understood to be 7, j, k. !
except as otherwise specified. Certain undefined variables occur in (6.2). For
example the density points are not defined on integer j-points. These poinis are
understood to be simple averages of adjacent points where they are defined.

Pisrie T Pian = 2p;
pr+ P = 2pruan

The advection of momentum, and viscous terms are contained in €, ,

Q8
Cr = — 3 Vydotty -+ quvmnla
b=1

+ @A (Dj1 i1 )y — /Ay — (U — upy)/4 Y L
+ Asmdig pd el — udfdig — ( — ;. 1)]4;]
L A i ply — w)md; — (u; — w,)fmd; L]
+ (1 — #PmPufa® — 2nmd; ol o(Vicr sy — Ui )L {6.3)

Note that the viscous terms are lagged one time step behind the remaining
terms on the right-hand side of (6.2). This means that the difference scheme is
centered with respect to time for the pressure term and nonlinear terms. but forward
time steps with an interval of 2 At are taken with respect to the viscous term. This
arrangement is based on a discussion of the numerical stability of similar time
dependent problems given by Richtmyer (1957).

The layout of variables in the horizontal plane of the numerical grid allows the
coriolis terms in (6.2) to be approximated by an average between the 7 4+ 1 and
{ — 1 time step. This arrangement is widely used in numerical models of the ammos-
phere in the Soviet Union (Marchuk, 1964). It amounts to an implicit treatment of
the coriolis terms and allows a time step longer than the inertial period, if all other
stability criteria are satisfied. This is particularly advantageous for a coarse grid
with a mesh size of greater than 4° of latitude and longitude. A coarse grid of this
type might be useful in ocean circulation calculations to save computation during
the first period of adjustment. More detailed solutions are then obtained by inter-
polating the initial solutions to a finer grid.
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The details of the nonlinear terms in (6.3) are shown below. Again all indices are
understood to be /, j, k, / unless otherwise specified.

Vidyu, = Ak+1."QAJ'+l/2uz'+1/2

X [aﬁi+1/2 - (‘;l’z'+1/2,j-1 2T S[/z'+1/2,j+1/2)/(H1AJ'+1/2)] (6-4)
Vadatty = — Aya/08iinsaMioass
X @12 — (Bicrzso1ie — Picasegerp)(Hadii10)] (6.5)

Vadguy = Ak+1/2Ai+1/2u:i—1/2
X [a (L)i—l/z + esrrz9-12 — ‘/’i—l/2.1‘—1/2)/(H3Az'+-1/2)] (6.6)

m

ViAgly = — dyyy0divatliage

X [a “";,}_1‘)141/2 + (¢i+1/2,j+1/2 - ¢i—1,’2,j+1/2)/(H4Ae‘+1/2)] (6-7)
Vidgus = Uy 1:9Wr—1/2f (i1 12) (6.8)
Vedeusy = — oylipyaoWer1/ol (M i) (6.9)

In (6.4)-(6.7) the terms # and ¢ are defined as,

1 KM
(ﬁ: 7/B)Iu = (LI, v)k - 71— Z (uq s vq) Aq-i-l/2
g=1
and the depth values H, ., H;, H;, and H,, are defined as,

H, = maximum of (H; ; or H,; ;) (6.10)
H, = maximum of (H; ; or H;_; ;) (6.11)
H, = maximum of (H; ; or H; ; 4) (6.12)
H; = maximum of (H, ; or H, ;.1) (6.13)

Separate diagnostic relations formed from the continuity equations are required to
calculate the vertical velocity at &, v points, and T, S points. For the calculation of

4
= (Wherre — Wegap) = — Z Vid, (6.14)

4 k4172 b=1

The terms V;, V,, V5 and V, are given in brackets in (6.4)-(6.7).
The predictive equations for 7, S are considerably simpler than the momentum
equations. The cell that forms the basis of the “box™ method is shown in Fig. 3.b.
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The velocity points are in the same plane as the 7, .S points, but locatec ac the
corners of the cell. The volume of the cell is given by

A

ag = @24 1A, Ayia 10/ M5a 0 (6.15)

In what foliows all indices will be understood to be i + %, j - §, & uniess otherwise
specified. The superscript / will also be understood. Only the predlcme equation
for T will be set down. The equation for § is identical to the prediction equaticn
for T.

a( Tt — TI02 At

6

Z AT, - A,

-+ Apa{md; Ay g o[(Tiian — v irgie — (Tiam — Tl By i)

(T — T4y, — (T — Ti)fdial™

Am 2

. . ik s s
+ byl (T — Trapmdiae — (T — Tian)imd gl (6.16)
The details of the advective term are given below,
AVT, = T Ayars - 1, 1) (6.17
1ty = 5400 r(Uadsiae + il 1india {6.17}
AVoTy = 2 Aoy s Totssrdiare + 14 (6.18)
2Vele = 757 L il v Wil ) (0135
AV Ty = = Ay o T 0reaDirars = Uillyinse) (6.19)
3Vsls = T Skl {iadivas T Viligaye); 0.4
AW, T, = —"—)m 4, 1/2TJ+1Ul+1Aé+3/-2 4 vl {6.20)
i+l
/ (x f Y
Asl 5T-5 = :}—IK T; ~1/2Wp—1/0 "\6.23}
+1/2
—o )
AGVGTG = Tk +_1,)\1k+1 ) *\622;‘
]JIAR+1 )

To compute W corresponding to the /i 4 4, j + 4 points an equation similar to
{6.14) is used with V,4,(b = 1, 2, 3, 4) given in (6.17)-(6.20) above.

At each time step preliminary values of 77*+! and S'! are predicted on the basis
of (6.16) and a corresponding equation for salinity. Then the Eckart formula given
by (2.9) in Section 2 is used to compute p**. The entire water columnmn is then tested
for static stability. Let p” be the density referred to surface pressure, corresponding
to the in situ temperature and salinity, If

(I > (i (623

for any value of k, the information is stored. After the entire water column is
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examined, 77+ and S$™! are reset so that the temperature and salinity are uniform
over any group of adjacent layers for which (6.23) is satisfied,

k+N
=k Tk'Ak'+1/'2

E+N A

B =k k12

(Tkla TA’H‘I T7:~+N) = (6-24)

where k - kK + N are the indices of the adjacent unstable layers. The adjustment
given by (6.24) corresponds to infinite mixing in the unstable part of the water
column. A similar adjustment is done for salinity. When this has been carried out
the entire column is scanned again to see if (6.23) is still satisfied at any point. If any
instability is indicated, the entire process is repeated as many times as is necessary.

The relationship between the velocity components and the transport stream
function is given by

a POuAk+1/2 = (1 — ¢j+1/2)z'+1/2/A5+1/2 (6.25)

.
[agls

K ] \
a AZI Po (—7:1—_) A7c+1/2 = (l/ii+1/2 - ¢Z’—1/2)i+1/2/AZ'+1/2 (626)

The vertically averaged velocity components will be written as ii and . The
components # and § may be obtained from the transport stream function by
multiplying the right hand side of (6.25) and (6.26) by (peaH)™ and (paH)™* m,
respectively.

A predictive equation for the transport stream function completes the system.
All variables have the subscript 7 -+ 4, j + 4 unless otherwise specified.

Ay L — )2 At

o i (Bt Fia) g g, (FUrs  PUsiira )]

2 m; My m; M

1
+ 3 [400FV 1,5 — FVi3) + dirae(FViin50a — FVi )]

. 5 R
0 (L) — ()]
+1/2 +1
" Nm A m i n
, D D
+ ditsn [”a‘ (“ ) — B (‘_’) ]
m i1 R(ORES WAL !

+ Aj-)—l/z[ni(”—’iJrl,j - l—li,j)] + Ai+3/2[nj+1(ﬂz'+1,.’i+1 - l—li.j+1)]g' (627)
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The operator £ on the left-hand side of (6.27) is defined by (6.28).

m(inrn ~ Pivire) d;.
Hi,diam + Higpadiiarn) divandin

m(iy o — Pioap) 4
(Hz',jAHl/z + Hi,i+1A}'+3.r'2} Ai-flv";"/j?:'r].

(¢j—1/2 - ¢'1’+1/‘2} A:H—l

Myl Hy A yiapn Hz'+1,‘in4-3/‘l) Ajﬂ/-zﬁjﬂ

Lz/';:(

(i12 — Pig) dia (6.28
- f VN (6.28)
”77'+3/2(H1"j+1Ai+1/2 e Hf+1.j+1Ai+3/2) j-gradl )y

At each tirmne step a second order equation of the form L™ = M; 5 .4, may
be solved by relaxation, one of the few methods general enough to handie the
complicated geometry of existing ocean basins. In the relaxation process the value
of the transport stream function for the previous time step may be used as a first
guess. This procedure greatly speeds up the convergence process.

The quantity FU in (6.27) is yet to be defined

K’.
N a :J
Foij = ;O Z (Akﬂfzck/‘l’l)

i p=1

K, 3
g Wmdyae ) ;
-~ o Z T '-AI;(Piﬂ/z - pz’——l,’?.)[k:‘-_ + Z -/jq(,p‘i~l/2 — piAlf‘i)Q-lﬁx
Hi}' Lo=1 Ai+1,-’2 { 2 !

{5.29)
The expression for FV has an exactly parallel form. As before g corresponds 1o a
dummy vertical index within the summation with respect to k.

It is now possible to summarize the numerical integration procedure. New values
of temperature and salinity are predicted from equations of the form given in {6.16).
Relation (6.2) and a corresponding equation for the z-component serve 1o predict
(¢, v")+1 These components are then used to find the new values of (4, 9)/1%,

o 1 X ,
@ o)t = ', vy — 5 3o, Y Ay {6.30)
k=1

The predicted values of (&7, F) may be obtained from (5.23) and {6.26) using the
new value of the transport stream function.

Once new time levels for the predicted variables have been found, the diagnosiic
relations based on the continuity equation and the equation of state are used o
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find w and p for the new time level. Experience has shown (Lilly, 1965) that repeated
use of the leap-frog time differencing scheme may lead to a serious “split™ between
adjacent time levels. This is caused by the fact that centered differences artificially
change the prediction equations from first to second order with respect to time.
Following a suggestion made by Arakawa,* this difficulty is circumvented by
periodically substituting a forward time step for the centered time step. This
procedure is equivalent to throwing away one of the two solutions at regular
intervals before the “split” becomes significant. A ratio of 23 leap-frog time steps
to one forward time step is a typical value used in one rather extensive calculation.

VII. BouNpARY CONDITIONS OF THE FINITE DIFFERENCE EQUATIONS

The basic information on boundary conditions is the number of cells stacked
downward from the surface at each T, S point given by the indices, i + 3, j 4+ %.
Let the number of cells be given as K ;5 11,5 , then

Ki+1/2~j+1/2
Higpine = 3, 4k (7.1)

k=1
The number of cells at velocity points is then given by,
K;; = Minimum of (K1 /2. 54172 » Kica/z,is12 5 Kicasaimaim s Kivareiar) (7.2)

The depth at i, j may then be calculated according to a formula corresponding to
(7.1). The boundary condition on velocity is very simple,
W), =0 k>K; (7.3)

and in the case of the transport stream function,

$is12.411/2 = constant, K1 =0 (7.4)
¢i+1/2,i - ‘/‘i—1/2,;' =0, Ki; =0 (7.5)
Pijore — $iine =0,  K;=0 (7.6)

The constant in (7.4) has a different value for the shores of the mainland and each
island. The procedure for computing these values is given in Section 3.

In the case of temperature and salinity the boundary condition must be set for
each point adjacent to a wall. Due to the irregular bottom topography the boundary
condition may change from one level to the next for any single point in
the horizontal plane. First a test is made. If

k > Ki1/244,i11/2+8 7.7

*Personal communication,
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then
Tivvssajiieser = Dispiciee (.05
where

The test given by (7.7) indicates whether & exceeds the maximum number of levels at
any adjacent temperature and salinity point. This indicates the existence of an
adjacent wall. The exact computational procedure used to set the boundary condi-
tion according to (7.7)~«(7.9) will naturally depend on the computing equipment
used. In some cases it may be optimum to test during the course of the computa-
tions. In other cases it may be more efficient to store the results of tests carried oui
in an initial inspection in the form of a table. The table would then be used to sa
the boundary conditions.

VHI. FiniTE DIFFERENCE FORMULATION OF ISLANDS

The formulation in the case of islands is straighiforward, if somewhat cumber-
some. The method follows the outline given for the continuous equations in Section
3. If R is the number of islands it is necessary to include R 4 1 separate fields for
the stream function.

o~
o0
o

P = ‘)bﬂl + ‘L;l V-rzaiir?'

Only 4, is a function of time, the remaining fields, i, , are kept fixed and sftored in
the permament memory of the machine. It is only necessary to recompute an
amplitude p, for each island, at each time step.

Let G be some horizontal vector. such that

G = iG" - jG (8.2

)
Narr

We define the numerical equivalent of a line integral in terms of an operator 5,

Lrar . Y A P10
BG = Z [Gis— Giu]l—/—
i=1

m

J+a7
+ Y [Ghas — Gl 4 {8.3)

=k
The line integral is taken counterclockwise in the 7, j plane. The integral given ir
(8.3} is a simple rectangular path. In some cases it may not be possible to constrve



2KQ Ay

nental boundaries. In such cases it would be necessary to construct a more compli-
cated path around the perimeter of several adjoining rectangles of various shapes.

Corresponding to (3.6) it is possible to define the vertically averaged flow
vector as

R
‘_’l = ‘70 + Z /'Lrl‘_’fr (84)
r=1
where

V= (al)? [—i(; 5212 — ’7l’z',j+1/2)/A‘j+1/2 + jm(‘/’iﬂ/z,j - ‘/fz'—1 "2,;)/441/2] (8.5

Using the operator given in (8.3) to denote the line integral around a closed path,
it is possible to write the finite difference equivalent of (3.10) as

R .
BL -+ 290 Atk x ()] (5 + Y, pi+19,)
r=1 :

= B[l — 20n Atk x ( )]¥"! + 2 AtBGFU + iFV) (8.6)

The terms FU and FV in (8.6) have previously been defined in (6.29) of the previous
section. It is possible to write R equations like (8.6) for closed paths around each
island. Since the right-hand side of (8.6) is known, these R relations constitute a
set of linear equations sufficient to find p,. The matrix of coefficients on the
left of (8.6) can be determined, then inverted and stored in memory at the beginning
of the computation, since they do not vary with time. Once the left-hand side of
(8.6) is calculated at each time step, p,** can then be computed by a simple matrix
multiplication.

IX. CoMPUTATIONS CARRIED OUT WITH THE METHOD

To illustrate how the method could be applied, two examples will be sketched
briefly. Detailed results will be given elsewhere. The layout of the grid for the first
computation carried out by M.D. Cox is shown in Fig. 4. The area covers the
Indian Ocean, extending from the Asian continent down to 18° S. On the west it is
bounded by Africa, and on the east by the meridian at 102° E and the Malayan
Peninsula. The first stage of the calculation was carried out with a 4° mesh and
6 levels in the vertical direction. Temperature, salinity and wind stress fields taken
from climatic atlases are specified at the surface as a function of season of the year.
In the first stage of the calculation it is possible to take a time step of 12 hours, each
time step requiring 10 seconds to compute on a UNIVAC 1108 computer. Only a
few fields are stored permanently in the 65K rapid access memory of the machine.
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F1G. 4. WNumerical grid used for calculation of the seasonal changes in circulation of the
Indian Ocean. (Left} 20 resolution and (right) 1° resolution.

Most of the fields are kept on the magnetic drums and cycled through the memory
when needed. Shifts from magnetic drums to memory take place while the com-
putation is in progress, so that no extra time is required for the transfer process.

Experience indicates that it is advantageous tc start with a large value of 4,,
and decrease this value as the grid is successively refined. The lateral diffusion
coefficient, Ay . is kept at a low value throughout the computation. The motivaticn
for this procedure is that the density field adjusts itself very slowly, while the veiocity
field can adjust relatively rapidly to any change in the lateral friction coefficient.
Fach new stage of the computation must be started with a forward time sizp
followed by centered time steps.

The layout of the grid in the second and third stages of the computation i1s shown
in Fig. 4. The final mesh size is 1° of latitude and longitude. Along the open bound-
ary the transport stream function is taken from charts of Sverdrup transport com-
puted by Welander (1959). The temperature and salinity distributions in the
vertical section, which encloses the area, were taken from hydrographic daia
supplied by the World Oceanographic Data Center 4. Let # and ¢ denot2 the
deviation of the velocity components from the vertical mean. The total transport
through the boundary is determined by the transport stream function, and ihe
gradients normal to the boundary of # and 9 are set equal to zero. This condition
allows the vertical profile of the inflow and outflow to adiust geostrophically ic
the density field specified at the boundary.

A second computation performed with the present model 1s part of a study of
the thermohaline circulation of the southern hemisphere oceans. The final pattern
of the mass transport stream function is shown in Fig. 5, based on an average laken
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LONGITUDE

LATITUDE

] 4 ]
r u

Fic, 5. The pattern of transport stream function obtained in a theoretical study of the
Antarctic Circumpolar Current.

70°

over the final part of the run to remove the effect of persistent fluctuations. The
basin includes spherical geometry and extends from the equator to 70°S with a
gap in the meridional wall at about 60°. Cyclic boundary conditions are assumed in
the gap, so that the flow coming in is exactly like that going out. The total flow
through the gap must be computed according to the Kamenkovitch method outlined
in Section III. The computation is carried out for a rotation rate one order of
magnitude less than that of the earth. The ocean circulation is being driven by
both a wind stress distribution and a density gradient imposed at the surface.
Initially all density surfaces are flat and the fluid is at complete rest. The low rotation
explains the unrealistic width of the western boundary current.

The computation is carried out for a flat bottom. A variable mesh width is used
to provide extra resolution along all lateral boundaries. The smallest mesh interval
near the wall is approximately 1°, while in the interior the grid points are spaced
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approximately 6° apart. There are 8 levels in the vertical. A typical time swep is
1/10 of a day. and the equilibrium solution in Fig. 5 is after 30 years of mode! time.
This required a total of 200 hours of machine time on the Univac 1108. To examinz
the realistic case with the correct rotation rate for the earth requires even morz
computation, since the time to reach equilibrium is longer, and the boundary
currents are narrower and require more grid points for accurate resolution.

APPENDIX

In order to be sure that a universal scheme will be useful for studying the behavior
of a hydrodynamic system over an extended period, careful checks should be
made of the energy balance. The choice of numerical scheme given iix this paper is
largely motivated by energy considerations. Only an energy consistent scheme wiil
avoid the special type of instability described by Phillips (1959) without excessive
damping of important features of the flow.

Let
K=K-+K (A1)
where
K = po(i* + %)/2 (A2
and
K = py(a? + %)/2 (A3}

K may be considered the kinetic energy of the external mode, and K the kinetic
energy of the internal mode. Let { } designate the volume integral over a closad
ocean basin. If we multiply the left-hand side of (2.28} by m/(a*Hp,) and integrate
over the entire volume,

EJH (b + Gt

1

| o [ Dy + Gl o), — 5 R R (6

The first term on the right vaunishes with the boundary condition that & = §
along the lateral boundaries. Therefore,

— H
R = = Lot (bl D+ (oA, (A.5)

Multiplying the right-hand side of (2.28) by — dm/(a?Ho,) we obtain,

Kg=hL+L+L+ 1 (5.8}
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where,
[ AN TR B
Rl T I e o I B IS
e A A R N
L=l e o) = ([ o —pne) ]

volume,
(K} =1L+ I, + I, -+ I (A.10)
I, = —{piiLu + pdLv} (A.11)
I = P Gy — o) (A.11a)
I; = {pgiiF” + pedF"} (A.12)
_ o jam N
18 - ( a (P PS)A + a (p ps)w’ (A.13)

To demonstrate the energetic consistency of our model we wish to show that;
(a) the nonlinear terms in the difference equations have no net effect on the total
amount of kinetic energy, and (b) the exchange terms between potential and
kinetic energy is correcily accounted for. The requirement (a) is satisfied if,

I
1,
The requirement (b) is equivalent to

L+,

or

1L =0 (A.14)
11, =0 (A.142)
— {gpw}

— gngfi pdzg (A.15)
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[¥®)

To prove that {A.14) and (A.15) hold for the present numerical scheme invoives
rather complicated algebraic manipulation. To simplify the derivations we will use
a notation and approach similar to that of Lilly {1964).

Let
29" = Mipae + g (A1)
8N = Mi1a — Mea s (ART]

We have the following rules,

18,8 + By = 8,(n B) (A.18)

and
A _ o
ﬁhﬁ - nﬁ'\ = %5,\(85.\7),\' {AL19)

{A.18) and (A.19) may be easily verified by simply substituting (A.16) and (A.17}.
It is obvious that (A.16)~(A.19) hold in the same way, if p is substituted for A
Substituting £ for 8 in (A.18) and making use of (A.19) we obtain,

—— o

2L + Bm® = 8T + 18.05,00m) {A.20)

,
3 3
=]

As in the case of (A.18) and (A.19) the rule given by (A.20) is also valid if ¢ and A
are exchanged at all points in the equation.

An expression for ; , may be obtained by multiplying (5.27) by &, and sumrming
over all half integer points. Note that it is only necessary to multiply by @ rather
than ayim/H, since the factor m/H cancels out in the volume integral.

1

R 7
=—3y ¥ a¢[ ("%‘ i) — 8Py AME‘;} (A.21)

4172 j4+3,

The overbar without a superscript indicates a vertical average, while the overbars
with superscripts are the two point horizontal averages defined by {A.16).

\

3 v .l

—3 — 8¢ . ,
Li=—a ) 3 Ujil/i_ Lu — oy fzvj Aiyndyqgmt

i+1/2 je1j2 0 Sirlee i+1:2

S

+ 3, ('Z’ ;Eﬂiﬂsz) — 3.\@" :57—0_.4]4 9}

LU A raia) = 5588 - 7 A1)

oo
e
(3o
[
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The boundary conditions on the transport stream function given in Section 7 are
such that the last 4 terms of (A.22) vanish. We also note that (6.25) and (6.26) give,

— A —g
i - S )

, D) = — A.23
@ ©) apyH ( A1y " Az‘+1/~z) ( )

Substituting (A.23)-(A.22) and rejecting the terms which vanish on integration,
A

L=—3 Y @pH@Pu+ iZr) dpapdinpm™]  (A24)

i+1/2 j+1/2

It is now possible to combine 7, and ; as,

A

L+ = — Z Z Z apol(ii + #) Lu + (0 + 9) L] Ai+1/2/-1i+1/2Ak+1/2m_1Y
i+1/2 j41/2 &
(A.25)
where we have made use of the relation,

Hi%u =Y i%ud, s, (A.26)

k

From (6.3) it can be seen that (A.25) may be written as,

6
LtLi=—23Y Y Y au«p, [(z‘c + i) ) mV, Ay,
i+1j2 jH1/2 ktl)2 b1
6
+ @+ ) m VbAbUb] Aissioliia el (A.27)
v=1
where
6
z VbAb = 0 (A.28)
b1

is the local continuity equation for each cell. To demonstrate that I, + I; vanishes,
it is only necessary to repeat the arguments given in Section 4. The nonlinear
terms will not change the average kinetic energy of the entire volume if u, and v,
are defined as the arithmetic average between adjacent cells. This completes the
derivation of (A.14). To derive (A.14a) we follow the same procedure shown in
(A.21)-(A.25) where I, replaces I, and I replaces [; . Since the demonstration is
closely parallel to that for (A.14) we avoid writing out the detailed equations.
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Next we investigate the pressure force terms. If we multiply (6.27) by ¢,
arguments of (A.21)-(A.24) may be repeated to shew that

-
bt

w

311

b

Sw(p - Ps)hl A

a biisn !

a ITPYIVi PRy PR

um 8(p — pg)
1’4:-—2 ZZ[ /‘A__H")e

{ALZ9)
. ]

Let (6.2) be multiplied by & and an equivalent equation for the v'-component be
muitiplied by ¢, combining the results and integrating,

b= )

~ l‘“’]

am_8,(p — p) | 98 (p — po)
Z Z [ : + =2 ! ]-42a'+1:24]a'+1,v'-zﬁ1c+1/;).”?;£
+1/3 4

A a Aiize
{A3D

The sum [, -+~ I is then a similar expression with # and 7 replaced by the total
componen:s & and v, respectively.
Next we make use of (A.20). The result is that,

[, §

—_— < {0 3 .
Ié + Iy = Z X Z(P - ps)Ak+1/2 EF-SI\(llAjfll'Z) -+ é@ {E'AiJA/E) _E {*'531}

i+1 2 j+1;2 &

The continuity equation at 7 - 4, j -- L points is

8 ' 3 v
am= ALHA,H———H— = —b,\(uﬁ f2) — O -—L—A,ﬂ,z‘ (A22)
Aisare mo
Substituting (A.32) in (A.31),
L+L=—3% Y Yalp— p)dwld 4 m™ {A 33}

i+1/2 j41,2 A

The expression (A.33) is equivalent of (A.15) for the continuous case, and completes
the derivation.
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